ON THE ORDER OF VANISHING OF THE CYCLOTOMIC 

p-ADIC L-FUNCTION 

IVAN BLANCO-CHACON 

Abstract. For a newform / for To{N) of even weight k, we prove that 
the p-adic L-functfon Lp{f,a) is not identically zero on the group Z* 
of the p-adic units. If p > 5, we prove that the order of vanishing of 
Lp(f,a) at any p-adic integer is finite. 



Introduction 

To any eigenform / G Sk{To{N)) of the Hecke operator Tp, Mazur-Tate- 
Teitelbaum [6J attached a p-adic L-function Lp{f, a; x) defined over X = 
Homcont(Zp, Cp), the group of p-adic continuous characters. As a topological 
group, X is isomorphic to x Zp, where stands for the group of 
{p — l)-th roots of unity. From a theorem of Rohrlich (|8i Theorem 1]), 
it follows that if / is a normalized newform, Lp{f, a; x) does not vanish 
identically over X, a conjecture stated for = 2 by Mazur and Swinnerton- 
Dyer ([5l Conjecture 1]). 

The present article deals with the restriction of Lp{f, a; x) to the char- 
acters Xs{x) = (x)'', s G Z*. We prove that the function Lp{f,a){s) = 
Lp{f,a;Xs) has a non-zero derivative at any p-adic integer s when / is a 
normalized newform. In particular, we obtain that Lp{f,a) does not van- 
ish identically over {1} x Zp, a refinement of Mazur and Swinnerton-Dyer's 
conjecture suggested by Henri Darmon. 

In section 1, we review the construction of Lp(/, following [6]. In 

section 2, we apply an ultrametric analogue of the Stone- Weierstrass theo- 
rem to establish that Lp{f, a) does not vanish identically over Zp, provided 
that p > 3. If / has weight 2, we can say that, actually, Lp{f,a) does not 
vanish identically over Z*. In the ordinary case, the finiteness of the set of 
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zeros of Lp{f, a) also follows, as well as the fact that if p is a primitive root 
mod A^, and a ^ 1 (mod p), this function does not vanish identically mod 
p, provided that not all the modular integrals are zero mod p. 

In section 3, we use the above non-vanishing results in conjunction with 
some estimations of the moments of Lp{f, a) to prove our main result, 
namely, that the order of vanishing of Lp{f,a){s) at any p-adic integer 
s is finite, if p > 5 (Theorem 13.11) . In particular, it is finite at the central 
point s = k/2. 

Acknowledgements. I want to thank my thesis advisor Pilar Bayer for 
her help and patience, and Henri Darmon for drawing my attention to 
this problem and suggesting some illuminating readings to begin with the 
resolution. 
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1. The cyclotomic p-adic L-functions 

1.1. Modular integrals of cusp forms. We fix p a prime number and 
embeddings Q C, Q )■ Qp. By Op, we denote the integral closure of Z 
in Qp. We consider the p-adic norm | | on Cp normalized so that \p\ = p~^. 
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The set of elements in Z* congruent to an integer a mod p", p | a, will be 
denoted by D{a,p"'). 

Let SkiToi^N)) be the C- vector space of cusp forms of positive even 
weight k for ro(A^). Let T be the Z-algebra spanned by the Hecke op- 
erators {Tn}n>i acting on it. In much of the paper, we will suppose that 
/ = Yln>i^n{f)Q^ is a normalized newform. In this case, the number field 
Kf = Q {{(^nif)}) is totally real. Its ring of integers will be denoted by Of. 

For the complex L-function L{f,s), the following identity holds: 

POO 

(1.1) A(/, s) = at! (27r)-T(s)L(/, s) = Art / f{tt)t^-'dt, 

Jo 

for s E C, Re(s) > | + 1. The right hand side of the equality defines an 
entire function which satisfies the following functional equation: 

(1.2) A(/,s) = ±A(/,fc-s), SEC. 

If X is a primitive Dirichlet character of conductor n, {n,N) = 1, and 
t{x) its attached Gauss sum, the complex L-function of / twisted by x is 
defined by 

L{f,X,s)=y , Re s >- + l. 

^-^ 2 

n=l 

Let A(/, X, s) = {2n)^'^T (s) L{f , x, s). By using orthogonality properties 

of the Dirichlet characters, we have that 

(1-3) 

A(/, X, s) = at! ^ ^ r / ( « + u) t^-'dt, Re(s) > ^ + 1. 

The function A (/, x, s) extends to an entire function and satisfies a func- 
tional equation similar to (11. 2p . 

For r E Q and < j < A; — 2, the integrals 

/■oo 

A(/,r,j) = 27r / f{r + it)t^dt, r G Q, 

are known in the literature as modular integrals. They satisfy the following 

Theorem 1.1. ([6, § 2]) There exists a Ij-lattice of finite rank such that 
A(/,r,j)GS^. 
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It is an interesting question to study when the twisted L-function of a 
modular form vanishes. The following theorem is a result in this direction. 

Theorem 1.2. (Rohrhch [F, Theorem 1]) Let f G S'fc(ro(A^)) be a normal- 
ized newform. Let P be a finite set of primes and Xp the set of primitive 
Dirichlet characters unramified outside P U {oo}. Then, for all but finitely 
many x e Xp, L (/, x, |) 7^ 0. 

Since any Dirichlet character x of conductor is unramified outside p, 
we deduce the following 

Corollary 1.3. For n E N large enough there exists integers an, p \ a,n, 
such that 




1.2. The p-adic L-function of a cusp form. Let / G S'fc(ro(A^)) be 
an eigenform for Tp, p \ N ^ with eigenvalue ap{f). The Hecke polynomial 
attached to / at p is defined as follows: 

X' - a,{f)X + p'-\ 

For a root a of this polynomial and for < j < A; — 2, we may define an 
Of[^] ® Sj- valued p-adic distribution by setting 

(1.4) /.„,(D(a,p-)) = ^(A(/,^,,)-iA(/,^,j)), n>l. 

If \ap{f)\ = 1, it is said that / is ordinary at p. Otherwise, / is said to 
be supersingular at p. A root a is admissible (cf. [6]) if < |a| < 1. In 
the ordinary case, there is only one admissible root, a; it is a p-adic unit 
and fia,j is then a p-adic measure. In the supersingular case, both roots are 
admissible, but the p-adic distributions are unbounded on the compact-open 
sets of Z*. 

Definition 1.4. The cyclotomic distributions attached to / and p are de- 
fined as 

• If / is ordinary at p: fiaj, where a is the unique root of the Hecke 
polynomial for / at p which is a p-adic unit. 
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• If / is supersingular at p: jJ^a^j, = 1)2, where ctj denote the roots 
of the Hecke polynomial. 



For an ordinary prime p, it is possible to integrate continuous Qp-valued 
functions by using uniform approximation by locally constant functions 
(cf. PI Chapter 2]). The definition of an integral in the supersingular case 
requires some more work. First of all, we need to restrict the class of func- 
tions to be integrated. 

Definition 1.5. A function F : Z* — Qp is said to be locally analytic if 
there is a covering of Z* by compact-open sets D{a,p^) such that 

oo 

F\D{a,p^){x) = ^Cnix - a)". 
n=0 



The following theorem provides an integral operator attached to any ad- 
missible root. 

Theorem 1.6. (Mazur-Tate-Teitelbaum, [0]) Let f G Sk{TQ{N)) be an 
eigenform of the Hecke operator Tp. For a compact-open subset K C Z*, 
there exists a unique'^p-valued Qp-linear operator on the space of locally an- 
alytic functions, denoted by J^^ F{x)dfia{x) , with the following properties: 

(1) Interpolation property: x^dfia{x) = fia,j{K), for < j < k — 2. 

(2) Divisibility property: for any n > 



(x - a)™d/i„(x) e — a-^S/ ® Op. 

(3) Continuity property: if F{x) = Yln>o^n{x — ct)" in D{a.,p'^), then 

/ F{x)dna{x) = ^Cn {x- aYdiXa{x). 

(4) For a fixed F, the assignment K F{x)d^a{x) yields a finitely 
additive function on the set of compact-open subsets of Z*. 

Let X = Homcont(Z*, Cp). Since continuous characters are locally ana- 
lytic, one can formulate the following 
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Definition 1.7. (The cyclotomic p-adic L-function) Assume that p \ N. 
Let / G Sk{TQ{N)) be an eigenform of the Hecke operator Tp and a an 
admissible root of the Hecke polynomial of / at p. For % G A", we define 

Lp{f,a;x) = / x{x)dfia{x). 
Jz; 

1.3. Special characters. For x G Z*, we write x = u{x){x) where u{x) 
is the unique {p — l)-th root of unity in Z* congruent to x mod p and 

{x)eD{l,p). 

Let us now consider the characters of the form Xs{x) = (a^)'^, for s & Zp. 
For an admissible root a, we denote 

Lp{f,a){s) = Lp{f, a; Xs-i) = {xY'^dfiaix), s e Zp. 

As in the complex analytic, a functional equation holds for Lp{f,a). In 
order to recall it, we first introduce some notation. 

Let C Z* be a compact-open set and F a locally analytic function over 
Z*. Let us define the map g{x) = x G Z*. We set 

= n"-^x''-\F og), k = g{K), f = wnU), 
where wn stands for the Fricke involution on 5'fc(ro(A^)). 

Proposition 1.8. (cf. [6, Theorem 17.1]) If a is an admissible root for f, 

F{x)d^a{x) = I F{x)d^a{x)- 
K Jk 

Corollary 1.9. Suppose that f is a newform. For any s G Zp, 

Lp{f,a){s) = ±{Ny-' [ x'-^ixy-'dfiaix). 

In particular, if k = 2, Lp{f,a){s) = if and only if Lp{f,a){2 — s) = 0. 

Proof. Since / is a normalized newform, it is an eigenfunction for the Fricke 
involution; hence, / = ±/, and we have 

Lp{f,a){s)= I {xy-'dfi^{x) = ± I dfia{x). 

Since ( ) is a multiplicative group homomorphism, the result follows. □ 
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2. NON- VANISHING RESULTS 

If p \ N and x is a finite order p-adic character of conductor p", we have 

(-) /: «.) ^ i (l - (l - ^) . 1), 

for < j < k — 2 (cf. [HI pp. 20-21]). Rohrhch's theorem II. 2[ together with 
identity I^TT] imphes that Lp{f,a;x) does not vanish identically over X. In 
this section we study the non-vanishing of Lp{f, a) over Zp. 

2.1. Approximation by polynomials. We denote by xg the character- 
istic function of a set G C Q^. From now on, K will denote a compact-open 
subset of Qp. The norm of a continuous function F : K Qp is defined by 

llFlloo.i^- = max \F{x)\ . 

For an integer n > 1, let denote the set of polynomials with coeffi- 

cients in K spanned by the monomials {X"'^}m>o- Let [X"] be its closure 
in C{K, Qp) with respect to the oo-norm. 

Definition 2.1. A function F : K Qp is said to be a step function on K 
if there exists a finite family of compact-open subsets Gi K, 1 < i < n, 
such that F = Yl^=i '^iXCi^ with G Qp. A function F : K Qp is said 
to be a locally polynomial function on K if for any a E K there exists 
a neighborhood and a polynomial Pa such that = Pa{s), for 

any s G G". If all the polynomials are of degree 0, we say that F is locally 
constant. We will denote by Loc(K, Qp) the set of locally constant functions 
on K. 

Proposition 2.2. A function F : K ^ Qp is a locally polynomial function 
on K if and only if there exists a finite covering of K by compact-open 
subsets {Gi}i<i<n CLnd polynomials {-Pi}i<i<„ with coefficients in Qp such 
that F{x) = J2^=i Pii^)XGi{x) , for any x E K. In particular, F is locally 
constant if and only if F is a step function. 

Theorem 2.3. ([T, Proposition 2.6]) If A is a closed subalgebra ofC'^{K, Qp) 
which separates points and contains the constant functions, then Loc(i^, Qp) C 
A. 
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Corollary 2.4. If A is a closed subalgebra ofC"'{K, Qp) that separates points 
and contains the constant functions, then A contains the locally polynomial 
functions on K with coefficients in Qp. 

Proof. Let F = Yl^=i PiXCi be a locally polynomial function with coeffi- 
cients in Qp. For any £ > 0, let us consider Eq = e/ max | |Pj| |oo,_ft:. By 12. 3i 

l<i<n ' 

there exist gi E A such that | \gi — XGi \\oo,k < £o- The result now follows. □ 
Corollary 2.5. Loc(Z;, Qp) C Z*[X^. 

Proof. Since the function F{x) = x^~^ is injective on f/ = 1^(1, p), it fol- 
lows from Theorem 12.41 that Loc(f/, Qp) C f/[XP~^], and since the balls 
{D(l,p"')}„>i form a basis of the topology of U , for any > 1 we can find 
a sequence {Pm{X)) of polynomials in U[X^~^] such that 

lim max |Pm(x^"^) - XD{i.p^){,x) \ = 0. 

But, given 1 < a < — 1 coprime to p, XD{a,p^){x) = Xd{i,p") (xa^^) and 

max |P„(xP"^) - XD{i.p^){x)\ 
xeD{i,p") 

= max \PUa'-nxay~') - (f ) | 

ax(^D(a,p") 

= max iQmix^'^) - XD{a,p")iy) \ ■ 

Since Qm{X'P~^) G Zp[XP~^] and the compact-open sets {D(a,p")} form a 
covering of Z*, the result holds. □ 

2.2. The non- vanishing on Zp. We will use the following 

Lemma 2.6. Assume that p > 2, let f G Sk{To{N)) be a normalized new- 
form and a an admissible root of the Hecke polynomial for f at p. If the 
p-adic integral operator attached to f , p and a vanishes over 1j*[Xp~^], then 

/ X^XD{a,p"){x)dfia{x) = 0, 

for any 0<j<k — 2,n>l, and any a coprime to p, 1 < a < — 1. 
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Proof, a) If / is ordinary at p, the unique admissible root a is a p-adic unit 
and fia,j ai'e p-adic measures. Thus, if we set Fj{x) = x^XD{a,p"){x), for 
X e Z*, we may choose a subset of polynomials {Pm} Q Z*[Xp~^] such that 
lim \\Pm — FjWooZ* — 0. But L, Pm{x)dfia(x) — for any m > 1, and since 
there exists M > such that \na,j{K)\ < M for any compact-open subset 
K CZ*, we have 



/ 



Fj{x)diia{x) 



(Pmix) - Fj{x)) d/Iaix) 



<M\\Pm-F\ 



which tends to zero when m — > oo. 

b) If / is supersingular at p, none of the distributions is bounded and we 
need to change the strategy. We choose a subset of polynomials {Pm} Q 
Z^lXP-^] such that 

< p~^"^, for any r > 1. 



This means that 



Nrr 



Pmix) - Fj{x) = p"^"" am{x - ay, for any x e D{a,p^), 

j=r+l 

with Qm e and the degree of Pm- On the other hand, since Pm — Fj 
is a locally polynomial function on Z* with coefficients in Zp, if 6 7^ a, there 

exists Qljn ^ Qpf-'^] such that the restriction of Pm — Fj to D{h,p^) equals 
p^-g?_^,'for any x e L>(6,p"). Thus Q^^ e Zp[X]. Now 



Pmd{x)lla{x) 



D{a,p") 



p' 



N„ 



k=r+l 



Fj{x)dna{x) 
X — a)''dfj,a{x)- 



D{a,p") 



/D(a,p")(^ ~ (i)^dfia{x) = a " V^^^fc.m With Wfe,^ G Cp ® S/. Siuce S/ 
is an (9j-lattice, all the Uk^m are bounded. Thus, the right hand side tends 
to p-adically when r increases. If 6 7^ a, J^^ppn^ Fj{x)diia{x) = and 

/ Pm{x)dlla{x) - Fj(x)dlla(x) ^ p'''^ Ql^{x)dlla(x) . 

JD{b,p-^) JD{b,p-^) JD{b,p'^) 
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Since n is fixed and the Taylor expansion of Qhm around b has coefficients 
in Zp, all the integrals multiplying the term are bounded; thus the norm 
of the right hand side also tends to when r increases. Therefore, 

/ P„,{x)djj,a{x) = = / Fj{x)diJ,a{x) + p''"'Km, 
Jz; Jz* 

with \Km\ bounded, so that J^, Fj{x)dfia{x) =0. □ 

The main result of this section is the following 

Theorem 2.7. Let p > 2 and let f G 5'fc(ro(A^)) be a normalized newform. 
Then for any admissible root a of the Hecke polynomial of f at p, the p- 
adic function Lp{f,a) does not vanish identically overljp. Furthermore, if 
k = 2, it does not vanish identically over Z*. 

Proof Let us prove first that Lp{f,a) does not vanish identically over Zp. 
If this were not the case, we would have 



(xydfiaix) = 0, for all r > 0. 

Thus J^.,{x)'^^P'^Ufi^{x) = x'^^P-^Ufio^ix) = 0, for any m > 0. Now, we 
can apply Lemma [2.61 to conclude that, in particular, 

/ X^~^dfia{x) = 0. 

J D{a,p") 

But this would imply that for any n > 1, a coprime to p, and 1 < a < p" — 1, 

(2.2) ^"/(^,a)*l-.*-i/"/(-^..)rf-.A^O. 

Since / is a cusp form, setting q = e^'^*^, lm{z) > 0, there exist constants 
M,Cf>0 such that 

^ < Cf, if Igl < M. 

q 

Thus ii y » 1, \f{x + iy)\ < C/e~^'^^, and for any a coprime to p, 

(2.3) hm r f(^ + ^t]t'^-'dt= H f{zt)t'^-'dt. 
"^^^Jo VP / Jo 
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If a 7^ 1, by taking limits in \2.2\ and taking into account 12.31 and the fact 
that / is a periodic function of period 1, we would have 

POD ^ 

/ /(a + it)t^~^dt = 0, for any a G Z. 
Jo 

Thus, applying 12.21 recursively, we would obtain 

which contradicts Corollary 1.3. 

If a = 1, setting n = 1 in 12. 2^ we would have 

and, replacing it recursively in 12. 2[ we would obtain 

for any a coprime to p. But this would yield 



for any Dirichlet character x, which contradicts Theorem 11.21 

If, moreover, k = 2, the result follows from the functional equation in 
Corollary II. 9t because, if |s| < 1, then 2 — s is p-adic unit. □ 

When A; = 2, it is particularly interesting to restrict the domain of 
Lpif, Oi] x) to Zp, since it yields a natural way of associating p-adic L- 
functions to modular abelian varieties. 

2.3. The non- vanishing mod p. We say that a modular integral A G 
is divisible by p if its coordinates are valued in D(0,p)''", r being the rank of 

Proposition 2.8. Let p > 2 he an ordinary prime for f G Sk{TQ{N)) , and 
assume that p is a primitive root mod N. Suppose that a ^ 1 (mod p). If 
Lp{f,a) vanishes identically mod p over Z*, then all the modular integrals 
are divisible by p. 
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Proof. Let us first observe that if all the modular integrals A(/, are 
divisible by p, then A(/, 0, j) is also divisible by p, since lim^^oo A(/, = 
A(/, 0, j) and is closed in C. Thus, we are reduced to proving that, un- 
der the hypothesis of the proposition, the modular integrals A(/, j), with 
a coprime to p and < j < k — 2 are divisible by p. Assuming that this were 
not the case, there would exist Jq, a minimal no > 1, and an integer oq co- 
prime to p such that p \ X{f, jo)- Hence, the measure /Xp^Q,jo(D(ao,p'^°)) 
would not be divisible by p. On the other hand, by Corollary 12. 4[ there 
would exist a sequence {Pk{X)} of polynomials in Zp[XP~^], converging to 
the locally polynomial function x^'-^XD(ao,p"o){x) such that 

lim / Pk{x)d^a{x) = ^p^a,jo{D{aQ,p'^°)). 

Since, for any k, L, Pk{x)d^a{x) G D{0,pY, and this is a closed subset, 
we would have /ip^Qjo(i5(ao,p"°)) G D{0,pY, which is a contradiction. To 
complete the proof, let us notice that, p being a primitive root mod A^, 
any modular symbol is a linear combination with integer coefficients of the 
modular symbols A (^f, ^di)- 

□ 



3. Results on the order of the p-adic L-function 

We are going to exploit the fact that the p-adic L-function Lp(/, a) is not 
identically zero on Zp to prove our main result. 

Theorem 3.1. Let f G Sk{^o{N)) be a normalized newform, p > 5, and 
a an admissible root of the Hecke polynomial for f at p. Then, for any 
So G Zp, 

OTds=soLp{f,a){s) < oo. 
We recall the following standard notation 

^oo(Cp) = {{Xn)n>l e Cp : sup \Xn\ < Oo}, 

n>l 

Co(Cp) = {{xn)n>i G Cp : lim |x„| = 0}. 
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Both linear spaces are complete with respect to the norm 

||(2;n)n>l||oo = sup \Xn\. 

n>l 

Let Di — D{i,p), 1 < i < p — 1. Given x & Di and by setting oui for the 
unique {p— 1 )-th root of unity congruent to i mod p, we may write x — oui (x) , 
with {x) — 1 + px. Then 

x^'-(^-l] = '-(^ix-^) + ^-l). 



P \Ui / P \UJi idi 

We set ai^i — p^^u^^ e P~^'^p and ao,i = p~^ {iuJi~^ ~ 1) ^ ^p- 
For an admissible root a, let us write 

Lp{f,a){s) = [ {1 + pxY'Uiiaix) = [ P 7 ^\^x''diioc{x). 
Jz; Jz; fc^o V / 

Since n\ = p p-i m„, with Un G Z* and cr„ being equal to the sum of the 
p-adic digits of n, we shall have 

S-l\ ip-2)k+c.k 

^ jp ^p p-1 Ukqk{s), 
where qk{s) = {s — — 2)...(s — k) E Zp[s] is a polynomial of degree k. 

Proposition 3.2. If p > 5, for any sequence {uk)f.yi of p-adic units, the 
sequence 

(p-2)k+a,, [ u \ 

P ^"^ "f^fc / X dn^i^x) I is in Co(Cp). 

Proof. Let g^{x) = x^ , k > 1. With the former notations, in each disc Di 
we shall have 

dWix) = ai,i(a: - + ao,j, 
with ai^i e p~^'Lp and ao,j G Zp. Thus, 



n=0 

Furthermore, we may write 



/ (x - i)"dijLa{x) = a ^p^'ji^n, with 7„_j e E/ C^. 

J£i(i,p) 
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Thus, 



gk{x)dnaix] 



\a ^ max 





<R\a-^\ 


' ' 0<n<A: 







D{i,p) 

Combining this with the strong triangle inequahty, we obtain 



X dHa{x) 



< R\a ^1 p p-i 



so that 



(2-p)fc-a-fe 

\Xk\ = P 



X dfla{x) 



(3-p)fc-g-fc 



< R\a \p p-^ 



□ 



(p-2)fc + n-fc 

Using Proposition 13.21 together with the fact that tt = P ^k, with 



■Ufc G Zp, we can ensure that the series 

oo ^ 
A;=0 ^ 

converges uniformly in Z*. Thus, 

oo „ 

(3.1) L,{f,a){s) = J2 / 



S - 1 

k 



s - 1 

k 



P^X^d^,a{x). 



k=0 " '^P 

The following result will allow us to differentiate the series Lp(/, a){s) term 
by term. 

Proposition 3.3. Let fn{s) = If f{s) = T.n=o ^nfn{s) with 

(An)n>o G Co(Cp), then the series converges uniformly in Zp and 

oo 

f^^\s) = Y,Xji^\s), forj>0. 

n=0 

oo 

Proof Let us first observe that, since (A„,)„ G co(Cp), the sum A„/^-'''(s) 



converges for any s G Z*. We have to prove that, for any j >0 
(3.2) 

EZo^n (f^'\s+pn - f^'\s) ~p^f^r'\s 



n=0 



lim 

m— >oo 



0, for any s G Z* 
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We remark that the mean-value theorem does not hold in general in the 
p-adic setting (cf. We now proceed by induction on j. 

a) For j = 1, Let us denote by (ai, a„) the k-th symmetrical ele- 
mentary polynomial in the roots {oi, a„}. For n,m > 1 and x G Z*, we 
have that 

fn{s) = en{s - 1, s - n), 

n 

Us + = E^"^-^- - 1, s - n) , 

and = Cn-i (s — 1, s — 2, s — n) . Thus, 

n 

fn{s+pn - fn{s) = Y.P'-'^n-j {s - 1, ...,S- u) 

J=2 



and 



< 



P 



Since (A„)^ is bounded, the result follows in this case. 

b) Assume that the result holds for j > 1. A straightforward computation 
shows that 

/(^■)(s)=j!e„_,(s-l,s-2,...,s-n). 

Thus, 

n-j 

fi'\s +p^)=j\J2 Ckp'^^e^-M^ - 1, . - 2, s - n), 

fc=0 

for suitable integers > 1. 

Lemma 3.4. ci = j + 1. □ 

Let us note that 

f^t'\s) = {j + l)!e„_,-_i(s - 1, , - 2, s - n). 
Hence, using Lemma 13.4^ we have 

n—j 
k=2 

and the result holds. □ 



16 



I. BLANCO-CHACON 



We proceed now with the proof of Theorem 13.11 

Proof. Fix So G Zp. Since Lp{f, a) does not vanish identically, there exists 
an integer A; > such that 



x^'dnaix) ^ 0. 

Let us define the (non-empty) set 

E = {A; > : / x'^dfif^^ ^ 0}. 

If E is finite, we consider its maximal integer k and, by taking the k-th 
derivative of Lp{f, a){s) at s = sq, we obtain 



d' 

ds^ 



/ / ^ 0. 



Now we suppose that E is an infinite set. The A;„-th term in the series has 
the form 

k -A f ~k , , , [ ~k , 

/ x''"dfif^a = P "-^ Uk^QkAs) / x^"dfif^a, 

\ l^n J Jz* Jz* 

with qk„{s) = (s — — 2)...(s — If we denote by a*'-' the fcj-th derivative 
of qkj{s) at s = So, we may define the linear endomorphism 

oo 

^ : co(Cp) — ^ co(Cp), X = (xn) ^ a'"'"a;„. 

r=n 

Since a*'-^ G Zp, ip is well defined and < it is a continuous map. 

We can see this endomorphism as being represented by an infinite matrix 
(a*'-')ij>i which is upper triangular. 

Proposition 3.5. The endomorphism ip is injective. 



Proof. For x = {xn)n>i G Co(Cp), we have ip{^) = {D o (p) (x) where D : 
Co(Cp) — > co(Cp), X = (xn) (kjxn) , and : Co(Cp) — > Co(Cp) is given 
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by left natural multiplication with the infinite matrix 

/ 1 «i,3 ai,4 \ 

' fci! fci! fci! • • • » 



^ ^ fca! fci! 

1^ 

1 

V; : : ; 



Let us check that <^(co(Cp)) C cq (Cp). Note that qkj{s) = s^^ + el^ s'^^~^ + 
... + e^^. , with Cr'' the r-th elementary symmetrical polynomial in the roots 
{1, 2, kj}. Thus, 

1 d!" 



fkA kj 



Since 



kj-r 

. Ix' . rirt 



p 



with Or G Z*, for 1 < r < kj — ki, and 

-akj-r + (Jkj-ki-r + CFk, = {p- l)ordp 
(cf. [1]), it follows that 



kj ~\~ ki T 



1 



-QkAs) 



< 1. 



k,\ds>^^^''''"'''='° 

Hence, (f) is well defined and its associated matrix is upper triangular 
with ones in the diagonal. To prove the injectivity, we proceed by steps: 

Step 1. We consider the adjoint matrix of the element ajj: 

' ' ' I.. I 1 • ■ ■ 



m: 








V '■■ 



fci! 


fci! 




<^2,j + l 


fc2! 


fc2! 


li-l J-l 


^i-lj + l 


fc,_i! 


fci-i! 


di+i j-i 


fli+ij+i 


fci+i! 


fci+i! 



7 



From a particular row onwards, this matrix becomes upper triangular, with 
ones on the diagonal, hence we can formally compute the determinant 
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det(M^'-') expanding along the first row. The result is a finite sum of fi- 
nite products of the terms ^ G Zp, therefore, it is a p-adic integer. 

Step 2. We put together all the adjoint matrices and take the transpose, 
obtaining an upper-triangular matrix with entries in Zp and ones on the 
diagonal. We write a few terms of this matrix: 



fci! 









1 






0-1,3 _|_ "1,2^2.3 
" ki\ fci!fc2! 
a2,3 

1 





Qi,2a2,3a3.4 



+ 



«1,3«3,4 
tt2,4a3,4 

A;2!fc3! 



as, 4 
1 



+ 

Q2,4 
k2\ 



ai,2a3,4 



ai,4 \ 



Now, defines again a continuous linear endomorphism of co(Cp), that 
we call 0'. 

Step 3. Since M,^, are upper triangular infinite matrices with ones 
on the diagonal and entries in Zp, we have that (0' o 0)(x) = x, for all 
X G Co(Cp); i.e., 0' is a right inverse of 0. 

Since D is trivially injective, so is ip, completing the proof of Proposition 
13.51 and Theorem 13.11 □ 



To any elliptic curve E'/Q of conductor A^, we can attach its complex 
analytic L-series L{E, s). By modularity, there exists a weight 2 normalized 
newform / for ro(A^) such that L{E, s) = L{fE, s). For an admissible root 
a of the Hecke polynomial of Je at p, the corresponding p-adic L-function 
of E is defined by setting 

Lp{E, a){s) = Lp{fE, a){s), s G Zp. 

Corollary 3.6. Ifp > 5 and a is an admissible root of the Hecke polynomial 
of fE at p, then 

OTds=lLp{E,Q.){s) < oo. 
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